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Introduction
The heat kernel U (t) = exp(t ) associated with the Laplace-Beltrami operator acting on a d-dimensional Riemannian manifold M without boundary with the metric g µν of Euclidean signature is of fundamental importance in mathematical physics . In present paper we consider only the heat kernel diagonal
and restrict ourselves to manifolds with covariantly constant curvature
We are not going to investigate in this paper the effects of the topology but concentrate our attention on the local effects. We calculate the heat kernel diagonal rather formal, having in mind to get the asymptotic expansion at t → 0 that does not depend on the global structure of the manifold at all. This will then mean that we have obtained all the terms without derivatives of the curvature in the asymptotic expansion of the heat kernel.
The condition (2) determines the geometry of the symmetric spaces [22] . The frame components of the curvature tensor (with respect to some frame e a µ that is parallel along geodesics) are constant and can be presented in the form
where
, is some set of antisymmetric matrices. The matrix β ik is known to be the metric of the isotropy algebra H with the generators
F j ik being the structure constants. It is not difficult to show that the condition of integrability of the equations (2) brings into existence a Lie algebra G of dimension dim
Introducing a symmetric nondegenerate matrix
that plays the role of the metric on the algebra G one can show that the adjoint and coadjoint representations of the algebra G are equivalent, i.e.
The generators of infinitesimal isometries ξ A = (P a , L i ) of symmetric spaces can be presented in the form [19, 20] 
where σ a (x, x ′ ) are the frame components of the tangent vector to the geodesic between x and
It is the algebra G that is generated by infinitesimal isometries [22] [
Heat kernel operator
It is not difficult to show that the Laplacian in symmetric space can be presented in terms of generators of isometries
where γ AB = (γ AB ) −1 and β ik = (β ik ) −1 . Using this representation one can prove the following theorem [20] . Theorem. For the compact Lie group G (12) with positive definite metric γ AB (7) and the structure constants C A BC satisfying the identity (8) it takes place the following identity for the Laplace operator (13) 
or, equivalently,
and R H is the scalar curvature of the isotropy subgroup H
with
are the generators of the adjoint representation of the algebra defined by
and the integration is to be taken over the whole Euclidean space
Then, introducing the metric on the group manifold
and integrating by parts one has from (19)
where G = det G M N and
Further, using the equations
and
that hold on the group manifold [21] , one can show that Φ(t|k) satisfies the equation
and initial condition Φ(t|k)
Therefrom it follows
and hence
that proves the theorem.
Heat kernel diagonal
To get the heat kernel in coordinate representation one has to act with the heat kernel operator exp(t ) (15) on the δ-function (1). One can show that [20] exp
where σ a 0 (s, q, ω) is to be determined from the equation of characteristics dσ 
and, therefore,
Now substituting (30) and (34) in (15) we can easily integrate over q to get finally the heat kernel diagonal
where the matrices F i = {F k ij } are the generators of the isotropy algebra in the adjoint representation.
One can present this result also in an alternative nontrivial rather formal way. Substituting the equation
into the integral (35), integrating over ω and changing the integration variables p k → it −1/2 p k we get finally an expression without any integration
where ∂ k = ∂/∂p k . This formal solution should be understood as a power series in the derivatives ∂ i that is well defined and determines the heat kernel asymptotic expansion at t → 0.
Concluding remarks
In present paper we proposed a new purely algebraic approach for calculating the heat kernel diagonal in symmetric spaces that is based essentially on the Lie group of isometries.
We proved a theorem that expresses the heat kernel operator exp(t ), i.e. the exponential of the second order operator, in terms of the isometries exp(k A ξ A ), i.e. the exponential of first order operator.
Let us mention, that our formulae for the heat kernel diagonal are exact (up to possible nonanalytic topological contributions). This gives a nontrivial example how the heat kernel can be constructed using only the commutation relations of some differential operators, namely the generators of infinitesimal isometries of the symmetric space. These formulae can be used now to generate asymptotic expansion of the heat kernel for any symmetric space, any space with covariantly constant curvature, simply by expanding them in a power series in t.
In present paper we considered for simplicity the case of symmetric space of compact type, i.e. with positive curvature (positive definite matrix β ik ). There is a remarkable duality relation between the compact and noncompact symmetric spaces [22, 20] jk . Therefore, one can get the results for noncompact case by means of analytic continuation. This means that our formulae (35) and (37) should be valid in general case of arbitrary symmetric space that is the product of compact, noncompact and the Euclidean ones. Moreover, It should also be valid for the case of pseudo-Euclidean signature of the metric g µν . However, it is not perfectly clear how to do the analytic continuation for obtaining physical results.
